
Vol. 6, No. 5/May 1989/J. Opt. Soc. Am. B 901

Multigrating optical phase conjugation: numerical results
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Multigrating optical phase conjugation in photorefractive media in the case of pump depletion and for arbitrary
relationships among different coupling strengths is studied numerically. The role of linear absorption as well as the
role of all the coupling mechanisms and their competition in the wave mixing process is examined. It is found that
multigrating operation with accidental values of coupling constants leads to a decrease in the efficiency of the
process. It is also shown that the presence of absorption, which is in principle detrimental, sometimes exerts a
beneficial influence on multigrating phase conjugation.

The field of optical phase conjugation (OPC) has been the
subject of deep exploration during the past decade. Phase
conjugation offers the possibility (and reality!) of a great
many practical applications in image processing, photo-
lithography, holographic interferometry, aberration correc-
tion, etc.' One of the powerful techniques used to generate a
phase-conjugate wave is four-wave mixing (4WM) in photor-
efractive media.2 Four light beams pass through the pho-
torefractive crystal in this process. The interference of
these beams creates a complex interference pattern, which
leads to the modulation of the refractive index through the
photorefractive effect. In this way the index grating is writ-
ten in the crystal. This refractive-index grating acts as a
thick phase hologram and causes beams to diffract and ex-
change energy.

The theoretical description of this phenomenon is based
on coupled-wave equations that describe wave interaction as
nonlinear coupling through the index grating. This phe-
nomenon has been studied by many researchers. Initially,
simple linearized models of interaction, such as the unde-
pleted-pumps approximation, were considered.3 Next the
more realistic models, including pump depletions and linear
absorption, 5 were successfully treated. A common feature
of all these approaches is that they include only one coupling
mechanism (one grating). However, owing to the nature of
the 4WM process in photorefractive crystals, there may be,
in general, four different index-grating coupling mecha-
nisms that may contribute to the process.6 The main argu-
ment in favor of the one-grating approximation is that in
experimental conditions it is always possible to eliminate all
undesired couplings and leave only one main coupling re-
sponsible for phase conjugation. Furthermore, some ex-
perimental and theoretical6 7 results suggest that in some
situations it is advantageous to operate in the single-grating
regime. Appropriate crystallographic orientation, choice of
beam polarization, etc. cause only one grating to be recorded
effectively.

There is, however, a holographic arrangement of four-
wave interaction in photorefractive crystals in which it is
practically impossible to avoid the presence of many cou-
pling mechanisms in the process. This is the so-called self-
pumped phase-conjugate mirror proposed by Feinberg. In
this geometry the electro-optic crystal exhibiting a strong

photorefractive effect is illuminated by only one laser beam.
Because of the fanning effect9 and total internal reflection
on the crystal faces, the pump beams are created. Since all
interacting beams are coherent and have the same polariza-
tion, they can write different gratings inside the crystal.
One should expect some kind of competition among differ-
ent gratings. Indeed, it was shown recently that such a
multigrating regime may lead to temporal instabilities in the
output phase-conjugate intensity.10 Therefore it seems to
be necessary from the practical point of view to investigate
the properties of optical phase conjugation through multiple
gratings.

The first accounts dealing with that problem were con-
cerned primarily with specific cases of intensity and cou-
pling strength relationships, namely, with the strong-pump
limit" and with equal coupling strengths for transmission
and reflection gratings.7 In these cases it was even possible
to obtain some exact results. Some interesting features of
OPC under these conditions have been revealed. It has
been shown, for instance, that the phase-conjugate reflectiv-
ity exhibits saturation when transmission and reflection
gratings act simultaneously with large and equal coupling
strength.

The purpose of this paper is to study multigrating phase
conjugation through four-wave mixing in photorefractive
crystals when pump depletion, linear absorption, and arbi-
trary relationships among coupling strengths of different
gratings are all allowed. We shall show the role of each
coupling mechanism and the competition among these
mechanisms in the phase-conjugation process.

The standard geometry of 4WM is considered. The slab
of a photorefractive crystal, situated between the planes z =
0 and z = d, is illuminated by two counterpropagating pump
waves (Al and A2) and by the signal wave (A4). As the result
of nonlinear interaction inside the medium, a phase-conju-
gate replica (A3) of the signal wave is created. This wave
propagates opposite A4. Assuming that each beam has the
form of a plane wave, the interaction among them in the
slowly varying envelope approximation is described by the
following set of coupled equations:

oA1' = gTATA4 - gRARA 3 - gplA212Al - I0A1, (la)

IoA 2 = TATA 3 * - gRARA 4 * - PA2 *IA,12 + aIOA2 *, (lb)

0740-3224/89/050901-09$02.00 © 1989 Optical Society of America

M. R. Beli6 and W. Kr6likowski



902 J. Opt. Soc. Am. B/Vol. 6, No. 5/May 1989

R

Inp Inp

(a) (C)

Inp r

(b) (d)

Fig. 1. Effect of pump coupling on OPC through (a), (b) the transmission and (c), (d) the reflection grating.

IoA3 =-gTATA 2 - R*AR*Al - gIA412A3 + aIOA3, (c)

IoA4 = gTATA1* - gR*AR*A2* - gIA312A4* - aIA 4 *,
(1d)

where the primes denote differentiation in the propagation z
direction and the stars denote the complex conjugate. Io is
the total light intensity, Io = _IAjJ2, and a is the absorption
coefficient. Different coupling constants g are related to
material properties of the crystal and are of the form g = in
exp(io), where 0 is the spatial phase shift between the index
grating and the interference pattern.2 Interference terms
AT = AlA 4 * + A2*A3 and AR = A1A3 * + A4A2* are connected
with the transmission and the reflection gratings, respec-
tively. These two gratings are responsible for the genera-
tion of the phase-conjugate wave (PCW). Besides these,

there are also two contributions, namely, A4A3* and AlA2*,
coming from two-wave mixing. They arise from the signal-
phase-conjugate and the pump-pump interaction. It
should be pointed out that, in general, the value of the
photorefractive phase shift 0 depends on the material and
geometric factors. However, in most practical situations
and in many photorefractive crystals this phase shift equals
7r/2. In other cases it is possible to obtain the r/2 shift by
means of recently developed techniques, such as recording
running holograms12 and using an ac external electric field.13
As is well known, such a shift is of great practical interest,
since it permits the largest energy transfer between interact-
ing beams.'4 In what follows we restrict ourselves to that
case and assume that the phase shifts connected with differ-
ent gratings are the same and equal exactly 7r/2.

Our task is to solve coupled Eqs. (1) with split boundary
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conditions specified on two opposite crystal faces: Al(z = 0)
= Alo, A4(z = 0) = A40 and A2(z = d) = A2d, A3(Z = d) = 0.
We shall do this numerically, using the shooting method.
This procedure was recently successfully applied to study
different configurations of wave mixing.15

Results of our numerical calculations are presented in
Figs. 1-9. As the basic output quantity we chose the phase-
conjugate reflectivity (PCR), which is the ratio of the output
intensity of the PCW to the input signal intensity, R = I3(0)/
I40. This quantity enables one to treat the 4WM scheme as a
phase-conjugate mirror with given reflectivity R. We plot
the PCR as a function of the input pump ratio p = I2d/Ilo.
Various parameters include coupling constants (given in
units of inverse centimeters), the absorption coefficient, and
the input signal intensity. The last quantity is assumed to

be 0.1 (normalized to the total pump intensity) in most of the
calculations (except in Fig. 9, where it is varied). The crys-
tal thickness is set to d = 0.3 cm throughout the calculations.

First we show the influence of the coupling between coun-
terpropagating waves on the generation of the PCW through
the transmission and reflection gratings. Figure 1 displays
the effect of pump coupling on the process. It is seen that
this direct pump interaction strongly affects the PCR.
First, it produces a strong horizontal shift of the plots. This
effect is caused by the energy transfer between pumps. En-
ergy exchange between the pumps is in some sense equiva-
lent to the change in boundary conditions for them. The
signs of the coupling constant, gp, decides the direction of
the energy transfer and of course the plot shift. The second
aspect of the pump coupling is the change of the maximal
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Fig. 2. Effect of signal-phase-conjugate coupling on OPC caused by (a), (b) the transmission and (c), (d) the reflection grating.
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Fig. 3. Simultaneous coupling between counterpropagating waves in OPC through (a), (b) the transmission and (c), (d) the reflection grating.

value of the PCR. It is seen from Fig. 1 that for negative gp
this extra interaction improves efficiency of the phase conju-
gation, giving a higher PCR. This property is especially
useful in the case when the reflection grating is responsible
for phase conjugation. Then the grating period is small, and
the saturation effect during the hologram recording is no-
ticeable. It leads to a drastic decrease of the mixing efficien-
cy.16

In Fig. 2 the role of the second additional two-wave cou-
pling is displayed. It involves the coupling between the
signal wave and its phase-conjugate replica. In the strong-
pump theory of multigrating OPC this coupling mechanism
was not taken into account." It is seen now that the shifts
of the plots are not so strong as previously. This mechanism
does not lead to direct energy exchange between pumps.
Furthermore, this coupling affects the phase conjugation
appreciably only in the case of a negative value of the main
coupling constant gT (or gR). The positive coupling con-

stant, gs, then leads to an appreciable increase in the PCR.
For positive gT (or gR) the influence of this mechanism is
weak, independently of the sign of gs.

Figure 3 illustrates the simultaneous presence of both
two-wave couplings in OPC. Note that an increase in the
efficiency of this process occurs when the coupling constants
gp and gs satisfy the same conditions as in the situation when
each of these mechanisms individually modifies the 4WM.

The subsequent multigrating arrangement of the phase-
conjugation process is photorefractive crystals involves the
simultaneous existence of the two main coupling mecha-
nisms responsible for the creation of a PCW, namely, both
the transmission and the reflection gratings. The most
characteristic examples of the competition between these
two mechanisms are shown in Figs. 4 and 5. In each case the
coupling strength of one grating is kept fixed (transmission
in Fig. 4 and reflection in Fig. 5) while the coupling strength
of the other is changing. In this manner one can study the
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influence of the reflection grating on OPC realized by the
transmission grating, and vice versa. It is clearly seen from
the figures that the presence of an additional phase-conju-
gate mechanism in some cases improves the efficiency of the
process. The improvement depends, however, not only on
the relation between coupling strengths for a particular grat-
ing but also on their absolute values. So, for small values,
and with the same sign of gT and gR, the cooperation of two
gratings is constructive, leading to a higher PCR in compari-
son with that obtained in the single-grating operation [Figs.
4(a) and 5(a)]. On the other hand, when the coupling
strength for the main grating is high, there is a narrow region
of the values for the second g that give the increasing PCR,
and the signs of the g's should be opposite. From Figs. 4(b)
and 5(b) it is also evident that the reflectivity R drastically
decreases when the coupling strengths for both gratings be-
come comparable in magnitude and have opposite sign.
One can show that, when gT = -gR, a PCW is not generated. 7

The reason is that the contributions to the PCW coming
from the diffraction of the pjumps on different gratings are
out of phase and interfere destructively. Since their magni-
tudes are the same, there is no output PCW.

On the other hand, the multigrating OPC with equal cou-
pling strengths (T = R = g) leads to the saturation of the
PCR below unity. This effect, which is also seen in Figs. 4
and 5, has been discussed in Ref. 7. It followed there as a
result of numerical calculations. Here we show that the
limitation of the PCR may easily be drawn from coupled
equations, without solving them. From Eqs. (c) and (d)
one can get equations for the intensities of the interacting
waves and also for the difference I4 - I3. These equations
may be formally integrated, and for real g (7r/2 photorefrac-
tive phase shift) one obtains

(14-I3) = 14 - I3)z=d exp[2g f (I, + I2)/Iodz']- (2)

Inp Inp

(a) (c)

In p In p

(b) (d)

Fig. 4. Effect of the reflection grating on the OPC produced by the transmission grating.
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Fig. 5. Converse of Fig. 4: effect of the transmission grating on phase conjugation produced by the reflection grating.

Since in the plane z = d the phase conjugate PCW does not
exist [I3 (d) = 0] and since I4 > 0, it follows from Eq. (2) that
I4 > I3 everywhere, and of course R < 1, independently of the
values of the other coupling constants gp and gs. On physi-
cal grounds this effect may also be explained as follows. Let
us note first that in the single-grating operation each pump
beam plays a specific role. In the transmission geometry the
pump Al is the so-called writing beam, and A2 is the reading
beam. Diffraction of the latter on the hologram written by
the former builds the PCW. In the reflection geometry the
roles of the pumps are reversed. Now A2 is the writing beam
and Al reads off the hologram. As is well known, in single-
grating operation the optimal (maximal) value of the PCR is
connected with the strong asymmetry in the pumping. In
the case under consideration, i.e., for gT = gR, there is no such

difference between pumps as far as their participation in the
appearance of the PCW is concerned. Now phase conjuga-
tion takes place as if only one grating existed with the cou-
pling constant twice that of g (stronger g dependence) but
with symmetric pumping. This last feature leads to the
limitation of PCR. The larger gd is, the stronger the deple-
tion of the signal beam becomes, and the saturation of PCR
takes place. Therefore, for large coupling strengths, the
single-grating operation is more effective.

On the other hand, for small gd, stronger g dependence
leads to higher values of PCR in comparison with the single-
grating case. The critical value of gd above which the equal-
strength multigrating OPC is ineffective is of the order of
unity. In the weak-signal limit it is possible to derive this
quantity exactly, and it equals 1.6.1 Now it becomes clear
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why, for T = 5 or gR = 5 (Figs. 4 and 5) every contribution of R
gR (gT) of the same sign improves R. The generation of the grX10 g g =0
PCW then takes place in conditions far from saturation, and 3 
therefore the value of R is higher than the one obtained in
the single-grating regime with gT = 5 or gR = 5. Generally g iO
speaking, all cases of given T and gR fall between two limit-
ing cases: saturation of PCR when gT = = g and no PCW
generation when gT =-gR. For a large value of gT (gR), only 2/
a weak contribution of gR (gT), usually of the opposite sign,
improves the OPC process. Any larger contribution of the
other coupling responsible for the generation of a PCW
brings us nearer one of the limiting states, and this happens
independently of the values of coupling strengths for two- 1 a= 2.15

wave interactions. =10
With respect to full multigrating phase conjugation, i.e., - -

with all coupling mechanisms turned on, it is difficult to g0 29 -

discuss that case because many possible relations among s

different coupling strengths exist. However, numerical cal- -8 -A 0 4 8
culation can still show the individual effect of any particular In p
mechanism of interaction on the phase conjugation. We
present some examples of such operation in Fig. 6. In gener- Fig. 7. Influence of absorption on multigrating phase conjugation.
al it is difficult if not impossible to give precise conditions
that all couplings should satisfy if one is to obtain the most R
effective phase conjugation. An accidental set of different R
values of the coupling parameters usually leads to a decrease 3 
in the maximal value of PCR in comparison with the single-
grating case. '

In the remainder of this paper we discuss the influence of / o /
two other parameters affecting multigrating OPC: absorp- / '

tion and the intensity of the input signal. The role of ab- 2 -
sorption is especially interesting. It has two different as-
pects. The first one is destructive. The larger the absorp- i
tion coefficient, the smaller the output phase-conjugate Ii
intensity and PCR. This behavior is as one would expect. l/ __ . \ /
The second aspect is more interesting, in that absorption can 12 / / \ 2.15
modify some properties of the multigrating interaction in a /1 /
more complicated fashion. We illustrate this in Fig. 7, in // /

which the influence on the PCR of the coupling between the /
signal and its conjugate is presented for different absorp- " '.-.,

tions. In the case of no absorption this additional interac- 0 
tion decreases the efficiency of the process. However, when -8 -4 0 4 8

In p
Fig. 8. Role of absorption in single-grating phase conjugation:

R 9p=g 2 g : a ,Osolid curves, transmission grating; dashed curves, reflection grating.
1.4 g -10 

the absorption of light is included, the coupling between the
10, signal and the conjugate wave is constructive and gives high-

er PCR. This behavior seems to follow from the selective
/ \ / \absorption influence on various coupling mechanisms. The

effect is the subject of current investigation. We observed it

0.8 - / -l0, 5 / \ \ in our numerical studies. A distinct feature of this influence
is that it is not unique and depends on the values and signs of

- I / A \ \ the coupling strengths in a complicated manner. Therefore
in Fig. 8 we give only an example of this effect, for the case

~ I / / \ /S5, -10 \ when OPC occurs through the transmission and/or the re-
flection grating.

/ / / Be/ \\ \ To complete our studies of multigrating phase conjuga-
tion, we illustrate the role of the input signal's intensity in

0G this process. In the series of three-dimensional graphs (Fig.
-8 -4 0 4 8 9) we plot the PCR as a function of the pump ratio p and the

In p signal ratio q = I40/(I10 + 2d). The parameters are the

Fig. 6. Full multigrating phase conjugation. coupling strengths. In all plots a value of a = 1 cm'1 for the
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absorption coefficient is assumed [except in Fig. 9(b), where
a = 4.15 cm-']. The coupling strengths are chosen to refer
to some previously discussed cases of multigrating opera-
tion. Thus in Figs. 9(c) and 9(d) the effect of the pump
coupling on OPC is displayed. It is seen that, in general,
increasing the input signal intensity leads to a decrease of
PCR. However, sometimes the behavior of PCR versus
signal intensity is slightly different. One such case was
presented in a previous paper (Fig. 5 of Ref. 7). The PCR is
almost constant in the broad range of signal ratio values
when the coupling strengths for transmission and reflection
gratings are the same. The phase conjugator acts as a real
phase-conjugate mirror, and then the output amplitude of
the conjugate wave is almost independent of the impinging
signal wave.

In conclusion, phase conjugation in photorefractive crys-
tals with more than one active coupling mechanism has been
studied numerically. The roles of various gratings and their
competition in the process have been investigated. It has
been shown that in general the multigrating operation with
accidental values of coupling parameters leads to a decrease

O ° (figure continued)

in the efficiency of the process. However, a careful choice of
these quantities may improve generation of PCW's. This
may happen when the pump coupling with the negative sign
of the coupling constant is allowed in the 4WM process. It
has been also shown that the presence of absorption, which is
in principle detrimental, may sometimes change the proper-
ties of competition among different gratings.
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Fig.9. PCR as a function of the pump ratio and the signal intensity: (a) gT = 10,gR = gP = gS = 0, a = 1; (b) gT = 10, gR = gp = gs = 0, a = 4.15;
(C) gT = 10, gR = gs = 0, gp = 5, a = 1; (d) gT = 10, gR = gs = 0, gp = -5, a = 1. All numbers are given in units of inverse centimeters.
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